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A new spectroscopic analysis method is developed and described. Instead of determining the
transition energy from the center frequency of the resonance curve, in this method, it is directly
obtained from the time evolution of the transition signal utilizing the Rabi oscillation. This new
method fully uses the time information without the Fourier transformation, yielding a precise de-
termination of the resonance frequency. The Rabi-oscillation spectroscopic analysis was applied to
the hyperfine transition of the ground state of the muonium atom and its frequency was determined
as νHFS = 4 463 301.61± 0.71 kHz.
Atomic spectroscopy is a reliable tool for precision
studies of the properties of the elementary particles.
Measurement of the transition energy of an atom under-
going electric and magnetic transitions can provide in-
formation on the mass and magnetic moment of the par-
ticle constituting the atom. Conventional spectroscopy
plots signal intensity as a function of a frequency swept
over the range of the resonance frequency. The reso-
nance frequency is obtained by finding the center of the
curve shaped by fitting an appropriate resonance func-
tion to the resonance curve. In this paper, we introduce
a new analysis method where the resonance frequency
can be obtained by fitting the simulated function to the
time evolution of the Rabi oscillation directly without
any frequency sweep. We report the first application of
this method to the spectroscopy of the spin resonance of
muonium atoms.
Muonium is the bound state comprised of a positive
muon and an electron, being as such one of several
hydrogen-like atoms. Spectroscopy of muonium atoms is
a promising method in the search for new physics in par-
ticle physics research. In the Standard Model of particle
physics, the positive muon and the electron are point-
like lepton particles; therefore, the contribution of the
strong interaction is relatively small and well understood
compared to hydrogen. The muon-to-electron mass ra-
tio can be found from the muonium hyperfine structure
(HFS) [1]. The electron mass has been measured pre-
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cisely, so the spectroscopy of the muonium HFS provides
the most precise estimation of the muon mass, which is
an essential input parameter for determinations of the
Standard Model parameters, such as the Fermi coupling
constant. Also, the precise measurement of the muo-
nium HFS is important for the determination of the muon
g − 2 [2–4].
In the previous experiments [5–7], the muonium HFS
was measured by sweeping the frequency of the mi-
crowave field. The dominant source of the measurement
uncertainty was the statistical nature of the experiment.
The complexity of the muonium resonance experiment
stems from the fact that a muon decays in a very short
lifetime of about 2.2 µs. Moreover, the number of muons
available is limited since muons originate from a tertiary
beam; for the reasons stated, it is necessary to ensure the
most efficient use of the data. The resonance signal from
muonium can be obtained with a time resolution of the
order of a nanosecond. In the conventional method, the
muonium HFS interval is determined by drawing a res-
onance curve of the time-integrated signal as a function
of the microwave frequency; the width of the resonance
curve limits the obtainable precision of the resonance fre-
quency. Moreover, the key to reaching a higher precision
is to reduce the resonance width, attributed to the nat-
ural width and power broadening.
In general, in the case of the homogeneous natural
width or power broadening, the resonance frequency can
be obtained precisely by fitting a Lorentzian function to
the resonance curve. Even if an ideal resonance curve is
constructed, it is still challenging to determine the reso-
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FIG. 1. Theoretical time evolution of the Rabi-oscillation
signal produced with a microwave field of the same strength
for the two-state transition model. The black solid line, the
red dashed line, and the blue dash-dotted line show the signal
with detuning frequencies of 0, 200, and 400 kHz, respectively.
nance center frequency with an uncertainty smaller than
one hundredth of the resonance width. If there is in-
homogeneous broadening, such as a Doppler width or
a particular systematic factor that makes the resonance
curve asymmetric, the precision of the resonance fre-
quency measurement becomes even lower. In particular,
asymmetry in the microwave power across a resonance
line would lead to difficulties in extracting the line cen-
ter. The natural width of the muonium resonance line is
145 kHz due to the finite lifetime of the muon, so even
achieving 1 kHz precision on a line center is difficult.
One technique to improve the measurement precision
is to reduce the resonance width. It is possible to ex-
tend an apparent lifetime by using the time information
of the signal. Namely, the width in the vicinity of the
resonance center becomes narrower by selecting the later
signals, i.e., signals from those muonium atoms that have
interacted for a longer period of time with the microwave.
However, this method leaves the envelope curve wide be-
cause of the side peaks. Also, events occurring in later
times are selected at the cost of the statistics. Therefore,
it is necessary to select an optimal time range to recon-
cile the advantages of the narrower width of the center
peak with the disadvantages of limited statistics. In an
experiment where the time range is not selected by hard-
ware, but all signals are acquired with the corresponding
time information, it is possible to analyze data by select-
ing an appropriate time range after the measurement.
For muonium atoms, this method, which is called the
old muonium method, was also applied to improve the
measurement precision [8].
The Rabi-oscillation spectroscopy presented here is a
novel technique where the detuning frequency is directly
obtained from the Rabi oscillation. Figure 1 shows the
theoretical time evolution of transition signals from a
two-state atom produced with a microwave field of the
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FIG. 2. Simulation results of the time evolution of resonance
signals for muonium atoms at different detuning frequencies of
0, 100, 200, and 400 kHz. Error bars represent the statistical
uncertainties.
same strength, but at different detuning frequencies.
When the microwave frequency is further detuned, the
peak of the signal becomes lower, and the oscillations
become faster. Therefore, the detuning frequency can be
obtained from the time evolution of the Rabi oscillation
if the microwave field strength is known.
In the case of the muonium HFS measurement, the
time evolution of muon polarization can be obtained by
measuring the change of the number of decay positrons at
a downstream or upstream counter because the positron
emission direction is preferentially along the muon spin
direction. The muon spin-flip signal due to the Rabi
oscillation can be extracted if we define this signal as
the ratio of the number of positrons with the microwave
present, NON, and the number of positrons without the
microwave, NOFF, minus one. In a zero magnetic field,
we do not measure the signal from a transition between
two states, but from a singlet-triplet transition. There-
fore, another oscillation term appears in addition to the
one shown in Fig. 1. The time evolution of the signal is
described as
S (t) =
NON (t)
NOFF (t)
− 1
= A
(
G+
Γ
cosG−t+
G−
Γ
cosG+t− 1
)
, (1)
in which A is a constant depending on the detector ac-
ceptance and energy threshold of decay positrons, and
G± =
Γ±∆ω
2
, (2)
Γ =
√
(∆ω)
2
+ 8 |b|2, (3)
where ∆ω is the detuning angular frequency and |b| is
a parameter proportional to the strength of the applied
3microwave field. The time dependence of the signal is
expressed by the summation of cosine functions. Their
oscillation frequencies and amplitudes are related to the
detuning frequency and the field strength of the stored
microwave. When the microwave frequency is further
detuned from the HFS resonance, the frequency G− de-
creases and G+ increases, while the signal amplitude
G+/Γ increases and G−/Γ decreases. When the mi-
crowave power increases, both frequencies, G− and G+,
increase, while the signal amplitude G+/Γ decreases and
G−/Γ increases. The response to the signal form is dif-
ferent for the microwave frequency and the stored mi-
crowave power. Hence, the Rabi-oscillation analysis can
extract the muonium HFS and the microwave power at
the same time, both from the time evolution of the res-
onance signal. This also indicates that there is no need
to sweep the microwave frequency. Therefore, the Rabi-
oscillation analysis does not suffer from the uncertainty
due to a systematic factor that makes the resonance curve
asymmetric.
The signals observed in the measurement are, in fact,
more complicated because the magnetic field strength of
the microwave varies with position. The distribution of
the microwave power felt by muonium atoms was eval-
uated by referring to a calculated field map in the mi-
crowave cavity [9] and summing up over the muon stop-
ping distribution estimated with a particle-tracking sim-
ulation program based on Geant4 toolkit [10–12]. Then,
the time evolution of the resonance signal was calculated
by estimating the time distribution of the number of de-
tected positrons with or without the microwave. Statisti-
cal fluctuations were calculated according to the Poisson
distribution. Simulation results of the time-evolution sig-
nals for several detuning frequencies are plotted in Fig. 2.
These simulated signals were then used as a data set for
the Rabi-oscillation analysis to see if the correct detun-
ing frequencies can be extracted back by the data fitting.
The fitting function is expressed as
f (t; A, |b|, ∆ω) = A
∑
i
Ni
(
Gi+
Γi
cosGi−t+
Gi−
Γi
cosGi+t− 1
)
, (4)
where i represents the index of summation over the dis-
crete muon stopping position, and Ni is the fraction of
stopping muons at that position, with A, |b| and ∆ω be-
ing free parameters. In the Rabi-oscillation analysis, the
least-squares method was applied, and the fit line was es-
timated by using the distribution of the microwave power
felt by muonium atoms obtained by the same method as
in the evaluation of the resonance signal. The fitting
results of the simulated signals proved that we can suc-
cessfully obtain the detuning frequency from the Rabi-
oscillation analysis for different microwave frequencies.
Although the Rabi-oscillation spectroscopy was uti-
lized [13–15] in the previous muonium HFS measure-
ments, the detuning frequency could only be determined
by fixing the parameter for the microwave power because
of the insufficient data for proper statistical analysis, or
the microwave power distribution felt by muonium was
simplified. New precise measurements of the muonium
ground state HFS are now in progress using the high-
intensity pulsed muon beam at the Japan Proton Ac-
celerator Research Complex (J-PARC) by the MuSEUM
collaboration [16]. In our recent experiment [17], a po-
larized muon beam was injected into a krypton gas tar-
get, resulting in the formation of muonium. The muon
spin-flip signal induced by the microwave was measured
with downstream positron detectors that use a silicon
strip sensor [18]. The sensor was optimized to the pulsed
beam experiment and exhibited a high-rate capability to
reduce inefficiency due to pile-up events.
We have analyzed a part of the experimental data ob-
tained in June 2018 using the Rabi-oscillation method.
The target gas was krypton with a pressure of 7.003 ×
104 Pa at room temperature. The measurement time
at that condition was about 42 hours. The results of the
Rabi-oscillation analysis are shown in Fig. 3. The time of
the muon injection was calibrated by a time histogram of
detected positrons without the microwave. We obtained
a multitude of data sets with different frequencies, and
applied the Rabi-oscillation analysis to extract the muo-
nium HFS frequency. It must be noted that the absolute
value of the detuning frequency |∆ω| can be obtained
from the Rabi-oscillation analysis, but not its sign; the
reason is that a negative detuning gives exactly the same
Rabi oscillation as a positive detuning, as is evident from
Eqs. (1)-(3). The muonium HFS frequency is obtained
from the following equation:
|∆ω| /2pi = |νmw − νHFS| , (5)
where νmw is the microwave frequency. The results plot-
ted in Fig. 4, shows the microwave frequency in the hor-
izontal axis and the detuning frequency obtained by the
Rabi-oscillation analysis in the vertical axis.
By correcting for the gas density shift of the resonance
frequency due to atomic collision [5], the extrapolated
resonance frequency at zero density (ρ = 0) was deter-
mined as
νHFS (0) = 4 463 301.61± 0.71 kHz (160 ppb) , (6)
where the uncertainty shown is of a statistical nature.
Dominant systematic uncertainties of the zero-field mea-
40 5 10 15
6−10×0
0.02
0.04
0.06 /NDF: 39.28/43
2χ
6.8 kHz±: 28.6ν∆
= 4 463 302 -50 kHzmwν
0 5 10 15
6−10×0
0.02
0.04
0.06 /NDF: 35.43/43
2χ
4.2 kHz±: 34.7ν∆
= 4 463 302 +10 kHzmwν
0 5 10 15
1×0
0.02
0.04
0.06 /NDF: 40.59/43
2χ
2.1 kHz±: 48.9ν∆
= 4 463 302 -70 kHzmwν
0 5 10 15
6−10×0
0.02
0.04
0.06 /NDF: 44.18/43
2χ
4.4 kHz±: 78.6ν∆
= 4 463 302 +50 kHzmwν
0 5 10 15
6−10×0
0.02
0.04
0.06 /NDF: 57.57/43
2χ
7.0 kHz±: 112.9ν∆
= 4 463 302 +100 kHzmwν
0 5 10 15
1×0
0.02
0.04
0.06 /NDF: 37.66/43
2χ
8.7 kHz±: 218.2ν∆
= 4 463 302 +200 kHzmwν
Time (µs)
Si
gn
al
(a) (b) (c)
(d) (e) (f)
FIG. 3. Experimental results with the Rabi-oscillation spectroscopy. Graphs (a)-(f) show the time evolution of resonance
signals with microwave frequencies of 4 463 302 kHz −50, +10, −70, +50, +100, and +200 kHz, respectively, and are shown in
ascending order of the detuning frequency. The solid lines indicate the fitting results.
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FIG. 4. Determination of νHFS from the fitting results of the
Rabi-oscillation analysis for different microwave frequencies.
The data were for a krypton gas target with a pressure of
about 7× 104 Pa.
surement with a Kr gas of 7 × 104 Pa are shown in Ta-
ble I. These uncertainties can be reduced within 8 Hz by
upgrading the environment monitor or installing a feed-
back system. A detailed description will be given in a
separate paper. This result is consistent with the previ-
ous two experiments at Los Alamos Meson Physics Facil-
ity [6, 7] within two standard deviations, and 1.8 times as
TABLE I. Summary of systematic uncertainties
Contribution June 2018 Prospects
Precision of pressure gauge 46 5
Pressure fluctuation 25 5
Precision of microwave frequency 45 < 1
Microwave power drift 10 < 1
Detector pileup 1 < 1
Time accuracy of detector 1 1
precise as the previous experiment at the zero magnetic
field [5, 6].
Thus, we have successfully established a new spectro-
scopic method, which we named Rabi-oscillation spec-
troscopy, and have obtained the resonance frequency
from the time evolution of the signal. The application of
the high-intensity pulsed muon beam at J-PARC helped
solving the statistical problem, and this paper describes
the solution of the Rabi-oscillation problem, which is
a fifty-year old unsolved problem. The Rabi-oscillation
analysis does not use Fourier transformation and uses
only time information, and can directly fit the simulated
function to the data with a newly-developed fitting tool
based on Monte Carlo simulation. Moreover, it is pos-
sible to obtain the detuning frequency without any fre-
quency sweep, and to reduce the systematic uncertainties
5arising from the possible fluctuation of the beam back-
ground and the microwave power. This Rabi-oscillation
spectroscopy can be applied to other atomic or molecular
systems when the time evolution data of Rabi oscillation
can be obtained.
This work was conducted under a user program Pro-
posal No. 2017A0134, 2017B0224, and 2018A0071 at J-
PARC MLF. The authors would like to acknowledge the
help and expertise of the staff of J-PARC MLF MUSE.
This work was supported by Japanese JSPS KAK-
ENHI Grant Number 23244046, 26247046, 15H05742,
17H01133, and 19K14746.
[1] P. J. Mohr, D. B. Newell, and B. N. Taylor, CODATA rec-
ommended values of the fundamental physical constants:
2014, Rev. Mod. Phys. 88, 035009 (2016).
[2] A. Keshavarzi, D. Nomura, and T. Teubner, g − 2 of
charged leptons, α(M2Z), and the hyperfine splitting of
muonium, Phys. Rev. D 101, 014029 (2020).
[3] M. Abe et al., A new approach for measuring the muon
anomalous magnetic moment and electric dipole moment,
Prog. Theor. Exp. Phys. 2019 (2019), 053C02.
[4] J. Grange et al., Muon (g − 2) technical design report
(2015), arXiv:1501.06858 [physics.ins-det].
[5] P. A. Thompson, P. Crane, T. Crane, J. J. Amato, V. W.
Hughes, G. z. Putlitz, and J. E. Rothberg, Muonium.
IV. precision measurement of the muonium hyperfine-
structure interval at weak and very weak magnetic fields,
Phys. Rev. A 8, 86 (1973).
[6] D. Casperson et al., A new high precision measurement of
the muonium hyperfine structure interval δν, Phys. Lett.
B 59, 397 (1975).
[7] W. Liu et al., High precision measurements of the ground
state hyperfine structure interval of muonium and of the
muon magnetic moment, Phys. Rev. Lett. 82, 711 (1999).
[8] M. Boshier et al., Observation of resonance line narrow-
ing for old muonium, Phys. Rev. A 52, 1948 (1995).
[9] K. S. Tanaka, Measurement of muonium hyperfine struc-
ture at J-PARC, Ph.D. thesis, The University of Tokyo
(2015).
[10] S. Agostinelli et al., Geant4a simulation toolkit, Nucl.
Instrum. Meth. A 506, 250 (2003).
[11] J. Allison et al., Geant4 developments and applications,
IEEE Transactions on Nuclear Science 53, 270 (2006).
[12] J. Allison et al., Recent developments in geant4, Nucl.
Instrum. Meth. A 835, 186 (2016).
[13] W. E. Cleland, J. M. Bailey, M. Eckhause, V. W. Hughes,
R. Prepost, J. E. Rothberg, and R. M. Mobley, Muonium.
III. precision measurement of the muonium hyperfine-
structure interval at strong magnetic field, Phys. Rev. A
5, 2338 (1972).
[14] R. D. Ehrlich, H. Hofer, A. Magnon, D. Stowell, R. A.
Swanson, and V. L. Telegdi, Determination of the muo-
nium hyperfine splitting at low pressure from a field-
independent zeeman transition, Phys. Rev. Lett. 23, 513
(1969).
[15] T. Crane, D. Casperson, P. Crane, P. Egan, V. W.
Hughes, R. Stambaugh, P. A. Thompson, and G. z. Put-
litz, Observation of a Quadratic Term in the hfs Pressure
Shift for Muonium and a New Precise Value for Muonium
∆ν, Phys. Rev. Lett. 27, 474 (1971).
[16] K. Shimomura, Possibility of precise measurements of
muonium HFS at J-PARC MUSE, AIP Conference Pro-
ceedings 1382, 245 (2011).
[17] S. Kanda et al., New precise spectroscopy of the hyperfine
structure in muonium with a high-intensity pulsed muon
beam (2020), arXiv:2004.05862 [hep-ex].
[18] T. Aoyagi et al., Performance evaluation of a silicon strip
detector for positrons/electrons from a pulsed a muon
beam, J. Instrum. 15 (04), P04027.
